In the present paper the Hyers-Ulam stability of monomial functional equations for functions defined on a power-associative, power-symmetric groupoid is proved.
Introduction
The basic problem of the stability of functional equations was proposed by S. Ulam (2) . There are a lot of contributions in the literature of functional equations on this type of stability (cf., e.g., ref.
3). Generalizations of Hyers' result for functions defined on nonassociative and noncommutative structures were investigated, among others, by J. Rätz (4), G. L. Forti (5) , and recently, by R. D. Luce, Z. Páles, and P. Volkmann (refs. 6, 7 , and 8, respectively). The stability of the Cauchy equation on power-associative, power-symmetric groupoids was proved in ref. 4 , while, in refs. 6 and 7, it was shown even without assuming power-associativity. Motivated by these results we study the Hyers-Ulam stability of monomial functional equations on a power-associative, power-symmetric domain.
Our main result reads as follows. If n is a positive integer, S • is a power-associative, power-symmetric groupoid, B is a Banach space, f S → B is a function, and for a nonnegative real number ε we have n y f x − n!f y ε x y S then there exists a unique monomial function g S → B of degree n such that PNAS is available online at www.pnas.org.
Notation and Terminology
Throughout the paper S • denotes a groupoid, that is, a nonempty set S with a binary operation • S 3 S → S. The powers of an element x S are defined by x 1 = x and for a positive integer m by x m+1 = x m • x. To simplify the notation, we use the convention
for all positive integers k m and each x S. (Concerning the role of power-associative operations in ring theory, we refer to ref. 13 ; such operations in connection with the stability of the Cauchy equation were first studied in ref. 4 .) It can be simply verified by induction that in a power-associative groupoid S • , we have x k m = x km k m x S . It is easy to see that power-associativity does not imply associativity: e.g., the operation x • y = x − y on S = + is power-associative but not associative.
We call an operation • S 3 S → S lth-power-symmetric (or if it is not confusing, simply power-symmetric) if l 2 is a given integer such that x • y l = x l • y l for all x y S (in the case when l = 2, we also use the term square-symmetric). Algebraic properties of such operations were considered by several authors; their role in the stability of functional equations was investigated in ref. 4 and, for square-symmetric operations, in refs. 6 and 7. Obviously, commutativity does not follow from power-symmetry: for example, the operation x • y = y is associative, lth-power-symmetric for each integer l 2 but not commutative on an arbitrary set S with at least two elements (concerning the connection between commutativity and power-symmetry, we refer to ref. 14). Moreover, powersymmetry is a "weaker property" than bisymmetry: the powerassociative and commutative operation above x • y = x − y is also square-symmetric, but not bisymmetric. [An operation on S is called bisymmetric if
Finally, we consider the difference operator , which is defined, for a function f mapping from a groupoid S • into a linear normed space X, by then, for any positive integer l,
Proof: Let n l be given and suppose that f S → X satisfies 2. In the case when l = 1, 3 holds trivially. If l 2, we define, for i = 1 l − 1 n + 1, the functions F i S → X by
and the function G S → X by
If we replace x y by z z z 2 z z l−1 n+1 z and by z z l in 2, we get
and G z ε z S [5] Using 1 and the notation of Lemma 1 for λ = l, the functions above can be written in the form
By Lemma 1, there exist positive integers K 0 K l−1 n with the properties
for all z S. The combination of these equations with 4 and 5 yields 3.
Q.E.D. Theorem. Let n 1 and l 2 be given integers S • be a power-associative lth-power-symmetric groupoid B be a Banach space and f S → B be a function. If there exists a nonnegative real number ε for which n y f x − n!f y ε x y S [6] then there exists a unique monomial function g S → B of degree n such that
Proof: Let n l , l 2 be given and let f S → B satisfy 6. By Lemma 2, we have
Using the triangle inequality, we get, for each m , 
